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Abstract The idea and main theoretical results of the
global analysis theory of climate system are briefly summa-
rized in this paper. A theorem on the global behavior of cli-
mate system is given, i.e. there exists a global attractor in the
dynamical equations of climate, any state of climate system
will be evolved into the global attractor as time increases,
indicating the nonlinear adjustment process of climate sys-
tem to external forcing. The different effects of external
forcing, dissipation and nonlinearity on the long-term be-
havior of solutions are pointed out, and some main applica-
tions of the global analysis theory are also introduced. Espe-
cially, three applications, the adjustment and evolution
processes of climate, the principle of numerical model design
and the optimally numerical integration, are discussed.
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Climate science is at present one of the most con-
cerned sciences in the world and also a hot issué™?. This
may be clearly seen from the famous world climate re-

search, the Climate Variability of Predictability (CLIVAR).

Climate is a physical system and satisfies some general
conversation laws in physics, e.g. the mass conversation,
energy conversation, momentum conservation, water mass
conservation, etc. In the light of these principles, the evo-
lutionary eguations of climate system can be deduced as a
set of partia differential equations by use of proper
mathematical analysis, and according to circumstance and
historic conditions of the system, its initial value and
boundary value conditions are given correctly, then a set
of full dynamical equations of climate will be determined.
The studies of climate dynamics, numerical simulation
and dynamical diagnostics just involve the equations and
their various simplified forms® ©. However, they are very
complex nonlinear equations with dissipation and external
forcing. Nonlinearity and complicated processes related to
phase change of latent heating in climate are two basic
difficulties for studying dynamical behavior of cli-
mate’® 3. The traditional climate dynamics is limited in
the frames of linear system or nonlinear conservative sys-
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tem, due to the lack of effective mathematical theories and
methods for dealing with this kind of system. Thisis es-
sential drawback for the climate system whose evolution-
ary time scale is far larger than the time scale of energy
dissipation. After all, climate is an open system and also a
dissipative structure that exchanges energy continuously
with outside. Modern climate dynamics therefore calls for
new dynamical theory——the forced dissipative nonlinear
dynamics of climate® .

The time scale of evolution of climate system is lar-
ger than that of dissipation, it is, therefore, important that
the dynamic property and basic characteristics of
long-term evolution of climate system are explored by
dynamic theory. This is one of the most important and
fundamental problems in climate dynamics with both sig-
nificant theoretical sense and important practical value.
This issue simply needs to understand global asymptotic
behavior of solutions in mathematics, which needs to be
studied by the global qualitative theory of differential
equations. The global analysis studies global behavior and
whole characteristics of al possible initial values of sys-
tem after time goes arbitrary long time, especialy, dis-
cusses final state of the system while time trends infinite.
Although a more strictly description of fina state in
mathematics is for the case of infinite time, in fact this
restriction is not necessary in practice. For the practical
problem it is significant to study the state arrived after
definitely finite time. The global characteristics of solu-
tions should be studied by use of the global analysis the-
ory since for the traditional methods, e.g. analytical
method, numerical method and experiment method, there
are some difficulties that cannot be overcome in analyzing
this subject. The global analysisis a direct method, that is,
asymptotic properties of solutions are studied directly
through characteristics and properties of equations them-
selves and this does not need to solve solution. It uses
some theories and methods of infinite dimensional dy-
namical system, its purpose is to understand universal
characteristics of final state of the system, explain climate
phenomena, illustrate climate regulation, design new nu-
merical scheme and computational method, etc. This re-
port mainly tries to summarize some important achieve-
ments and new findings in the global analysis theory of
climate from Chinese scientists and to introduce some
applications of these theoretical results.

1 Main idea and theoretical results of the global
analysis

(i) Main idea. As known, climate is a compli-
cated physical system with both various forms and omni-
farious local properties. The globa analysis smply leaves
aside various concentrate motions and local properties of
climate and investigates whole characteristics and global
behavior of climate. This method can refine essential rela-
tions between different physical variables in climate sys-
tem and clarify basic influences of external forcing on
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climate mation, then reveals the most fundamental regula-
tions of climate system. These general principles from the
global analysis may be used to study particularity of par-
ticular motion and to guide specific practice. Thus, the
global analysis is very important not only for theoretical
research on climate dynamics, but also for numerical cli-
matic simulation and prediction. Besides, the global
analysis is also to study global characteristics of climatic
dynamical equations as complete as possible, one of rea
sons is to provide a constraint principle through theoreti-
cal results to design variously proper simplifications and
discretization of equations which does not distort the most
basically physical laws of original system.

The general steps of the global analysis are as fol-
lows: the original dynamical equations should be deduced
first to be an equivalent operator equation in a certain
Hilbert space, and then through analyzing properties of
operators in the equation and their respective physical
sense the “goa” (final state) of al points and related
questions are studied in the Hilbert space.

(ii) Operator equation. All of the full atmospheric
equations (whether it is the dry air or the moist atmos-
phere, and the equations contain all kinds of motion), the
full ocean equations (the state equation in them is very
generd, i.e. f(p,p,S,T)=0), the coupled air-sea equa-
tions and the ocean-land-atmosphere equations can be
written as the following equivalent operator equation in
the Hilbert space® #1Y:

aa—(f+[N((p) +L(p)]o=<(9),
¢|t:0 = %o,

where the abstract operators N(¢)and L(¢) have basic
properties as follows:

N(@) =-N"(9), (N(@)p1,9,) = (01, N(9)9,),
(N(2)9.9) =0; L(p) =L (9),

(L(@)pn, 25) = (91, L(P)p2),  (L(p)g, ) =0,
Vo010, Ho(Q). N'() and L(p) are the adjoint
operatorsof N(p) and L(¢p) respectively, and Ho(€2) is
a complete Hilbert space with the following inner product
and norm:

(01.02) = [ pler,00 = joz“ [ jr’ Plp,r? Sin@drdedA.

lell, = (2,02,

where 4, @, r are the longitude, co-latitude and geo-
centric distance, respectively. The basic physica senses
implied by the above properties of the operators N(¢)

and L(p) arethat the former represents all kinds of re-
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versible adiabatic processes of energy conversation and
the latter represents the irreversible diabatic processes of
energy dissipation. The properties of the operators N(¢)

and L(¢p) reflect the essential characteristics of two kinds
of basicaly physical process with entirely distinct physi-
cal means.

(iii) Global behavior theorem. The global analysis
theory!® 2" proves that there exists a global attractor in the
dynamical equations of climate (whether it is under the
condition of stationary or non-stationary external forcing),
and any state of climate system will evolve into the global
attractor as time increases. The state out of the attractor
only possesses transient sense. The global attractor pos-
sesses finite dimension and represents the fina state of
system. This reveals a very important process of climate,
the nonlinear adjustment to the external forcing.

The globa behavior theorem shows that the long-
term behavior of climate system can be described by a
finite dimensional dynamical system. This just implies a
physical and mathematical base of the theory that climate
as an infinite dimensional system can be simulated and
predicted numerically by a finite dimensional dynamical
wStem[sa 29

(iv) Interactions among external forcing, dissipation
and nonlinearity. The globa analysis theory suggests
that the joint action of nonlinearity, dissipation and exter-
nal forcing is the source of atmospheric multiple equilib-
rig, i.e. the phenomenon of atmospheric multiple equilib-
ria is a kind of nonlinear mechanism with interactions
between dissipation and external forcings®.

Effects of external forcing, dissipation and nonlin-
earity on the long-time behavior of solutions are essen-
tially different. The existence of global attractor indicates
a fundamental distinction between chaos of dissipative
system and that of conservative system. The external
forcing is a necessary condition for keeping activation of
dissipative system. The dissipation is a necessary condi-
tion for holding overall stability for system with externa
forcing. The nonlinear is a necessary condition for all
chaos systems. Therefore, a simplified dynamical model
used to describe climate phenomenon must be a set of
forced, dissipative and nonlinear evolutionary eguations,
neither adiabatic nor linear!*>,

2 Main applications of the global analysistheory

There are many applications of the global analysis
theory, for instance, to clarification of the adjustment and
evolution processes of climate system, simplification of
climatic dynamical equations, designing principle of dif-
ferential scheme, analysis of nonlinear numerical stability,
optimal numerical integration, principle of splitting algo-
rithm, explanation of the essence of four-dimensional as-

1) Li Jianping, Qualitative theory of the dynamical equations of atmospheric and oceanic motion and its applications, Lanzhou University, Ph.D

Dissertation, 1997, 209.
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similation, designing rule of long-term forecasting model,
use of preferred modes, etc.l® ¥ Owing to the limitation
of space, three important applications in them will be in-
troduced only as follows.

3 Adjustment and evolution processes of climate sys-
tem

An important conclusion of the globa analysis the-
ory is that it reveals a nonlinear adjustment process of
climate as a forced, dissipative and nonlinear system to
external forcing. This kind of adjustment process is essen-
tially different from the previous adjustments in the tradi-
tional dynamical meteorology such as the geostrophic
adjustment, rotational adjustment, potential vorticity ad-
justment, static adjustment, etc. The existence of global
attractor is simply the difference between the adjustment
of climate system and the above adjustment.

It follows from the global behavior theorem that
there exists a global attractor in the climate system, and
any state out of the global attractor must be attracted to
the attractor. The global attractor is contained in a global
absorbing set which is a point set with finite radius. Any
state out of the absorbing set will be attracted into the ab-
sorbing set after finite time, and any point in the set
moves in it forever and cannot run out of the set!®. If one
uses the method of smooth inertial manifold to analyze the
approximation process from out of the inertial manifold to
the global attractor smooth inertial manifold (the global
attractor is on the inertial manifold), the approximation
speed is exponentially®”. Hence, this kind of adjustment
to the final state determined by given external forcing is a

Geostrpohie ndjustment
and inner TBI

Geostrophic
evolution

N

very fast process. The state out of the global attractor
possesses only transient sense. The attractor is an invari-
ant set and has the property of relative stability and may
be regarded as a kind of equilibrium, so the evolution of
state on the attractor is a slow process. It may be con-
cluded that there exist two kinds of characteristic time
scales, the fast adjustment process to the attractor and the
slowly evolutionary process on the attractor, while the
external forcing is stationary or its variation is very slow.
Moreover, there exists the third time scale, the more
slowly evolutionary process of macroscopic state versus
external parameters, when the external forcing is varied.
Zeng****! presented first the concept of time
boundary layer (TBL) when he discussed the adjustment
and evolution processes in the adiabatic non-frictional
atmosphere. Here we use the global analysis theory to
extend this concept to the forced, dissipative, nonlinear
climate system. According to the properties and charac-
teristics of climate motion, three classes of TBLS, the firgt,
second and third TBLS, can be introduced. The adjustment
and evolution processes of climate system can be under-
stood clearly by use of the three kinds of TBLs. As shown
in Fig. 1, the first TBL is a quick adjustment process of
the state out of the attractor to the attractor, and is corre-
sponding to the first time scale mentioned before. The
outside of the first TBL is the evolution process on the
attractor, and is corresponding to the second time scale
mentioned above, and the corresponding system is a
forced, dissipative, nonlinear system with stationary ex-
ternal forcing. The second TBL is a layer including the
first TBL and the evolution process outside of the first

Quickly adjustment
Lo attractor and
the first TBL

The self-similar structure of adjustment and evolution, and three kinds of TBL

Fig. 1. The adjustment and evolution processes of climate system.
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TBL. The outside of the second TBL is a more slow evo-
lution process of macroscopic state against external forc-
ing, corresponding to the third time scale stated previoudly,
meanwhile the corresponding system should be regarded
as a forced, dissipative, nonlinear system with non-sta-
tionary external forcing. Besides, within the time scale of
dissipation the atmosphere may be regarded as an adia-
batic non-frictional system, and there are the geostrophic
adjustment and evolution processes as usual. The TBL in
this case is the inner TBL (i.e. the third TBL), and the
corresponding system is the adiabatic non-frictional con-
servative system. The inner TBL here is equivalent to the
TBL concept from Zeng!***34, The above characteristics
reflect a kind of self-similar structure of TBL for the
forced, dissipative, nonlinear system. Based on the con-
cept of the three classes of TBL, the adjustment and evo-
lution processes of forced, dissipative, nonlinear climate
system may be understood clearly, and also be applied to
design of splitting algorithm of numerical model(®?.
However, the lengths of the above TBLs and the corre-
sponding characteristic parameters are still needed to fur-
ther analysis from physics.

4 Principle of oPerator constraint for designing
numerical model®®

The principle of design of numerica model plays a
key role in making the numerical prediction model. This
can be seen from the following facts. Richardson™ failed
to do the primitive equation model since he did not know
how to simplify equations. Charney™® presented the scale
analysis and applied it successfully to the barotropic vor-
ticity model to make the first 500 hPa numerical prognos-
tic chart®™. Then Lorenz®® presented the energy con-
straint principle and Shuman and Hovermale“? applied
this rule successfully to the primitive equation model.
However, except the scale analysis and the energy con-
straint, any new rule has not suggested to design numeri-
cal model since Shuman and Hovermald™ set up the
primitive equation model. But the two principles only
adapt to the case of adiabatic non-frictional conservative
system with static approximation and do not adapt to the
cases of diabatic and dissipation. As indicated by Liao™?,
this is unfitting to the main task for designing the primi-
tive equation model that is how to design better the
nonlinear system with external forcing and dissipation. In
the light of the global analysis theory a new principle, the
operator constraint method®®, can be presented. The
core of this principle is just that it can keep the consis-
tency of basic properties of the corresponding operatorsin
the equations before and after their simplification. This
method is an extension of the energy constraint rule and
has both strict mathematical base and clear physical sense.
It can guarantee that the simplified equations from it do
not distort the global properties and physical essence of
the original equations. This method aims at the case of
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diabatic, non-static and dissipation, it therefore is suitable
for the model design of forced, dissipative, nonlinear sys-
tem.

5 Optimal numerical integration®-*

Dynamical equations of climate must be discretized
while climate system is numerically simulated and fore-
casted. We aways hope to have optimal numerical inte-
gration in the process of obtaining numerical solutions.
The optimal here aims at computational accuracy. The
optimal numerical integration is simply the method that it
can make a certain numerical method to carry out calcula-
tion in its best degree of accuracy. For the given equations
and numerical method, spatial and time resolution and
machine precision are the primary parameters which can
determine the best accuracy of the method, if the physical
model considered has not a model error. An optimal
method of numerical integration can be found by use of
the global analysis.

According to some numerical experiments®” we
found the following qualitative conclusion for numerical
error and effective computation time (ECT) profile (Fig.
2): The total error will initially decrease as stepsize de-
creases and the discretization error decreases, so that the
ECT increases; as stepsize decreases to a certain extent,
however, the round-off error becomes dominant because
the iterative times increase, as a result, the total error in-
creases and the ECT decreases. The inevitable conse-
guence is that there exists a stepsize H (Fig. 2), and then
at this stepsize the total error is smallest and the ECT is
largest. This stepsize H is therefore called the optimal
stepsize. Owing to the inverse variation relation against
stepsize between the discretization error and the round-off

Eh) 4 T(h)

max

0 H h

Fig. 2. lllustration of total error E(h) and effective computation time
T(h) versus stepsize h. H denotes the optimal stepsize, Enin the minimum
error and Tia the maximum ECT.
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error, a computational uncertainty principle similar to the
well-known Heisenberg uncertainty relation of quantum
mechanics™? is led. Specifically, if the discretization and
round-off errors are treated as two “adjoint variables’, the
computational uncertainty principle indicates that the
smaller one of them, the greater the other adjoint variable
will be. This means that once the precision of calculation
machine used is given, the best degree of accuracy which
can be achieved for the numerical solution obtained by a
numerical method is determined entirely. The computa-
tional uncertainty principle gives a certain limitation to
the maximum ECT of long-time numerical integration for
chaos system which is sensitive to initial values and for
some systems with transient chaos. This principle implies
that the computational capacity of any numerical method
is very limited for nonlinear system under the inherent
property of finite machine precision.

To achieve optimal numerical integration, at first we
must study systemically error formula through the global
analysis, determine optimal relation from the analysis and
find optimal spatial and time resolution and estimate
maximum ECT. Then some necessary parameters in nu-
merical integration can be given.

For ordinary differential eguations, our numerical
results and theoretical analysis show that there are two
universal relations which are dependent only on machine
precision and the order of numerical method and are in-
dependent of types of differential equations, initial values
and numerical schemes™?, i.e.

L-n
| =ﬂ=10p+0'5,
H2

Y

4' No, setting V=V |<7

k = C(TZ) = p
C(Mm)

where H; is the optimal stepsizes, n; the significant digits
of machines, p the order of the numerical method, T; the
maximum ECTs, i = 1, 2 represents two machines with
different precision. Refs. [31] and [32] verified that the
theoretical results from the two universal relations werein
good agreement with those from the numerical experi-
ments.

Based on the computational uncertainty principle
and results mentioned above, we present an optimal inte-
gration method, the step-by-step adjustment method. The
flow diagram of the method is shown in Fig. 3. Our nu-
merical experiments verify that the step-by-step adjust-
ment method is a very effective method for achieving op-
timal numerical integration. It may be expected that the
method will be able to exhibit its extensive applicationsin
practice.

6 Summary

The idea, purpose and main theoretical results of the
global analysis theory of climate system are briefly sum-
marized in this paper. Some applications of the theory are
introduced, especialy, three important applications, the
adjustment and evolution processes of climate, the princi-
ple of numerical model design and the optimally numeri-
cal integration, are discussed. The new findings and
achievements in the field from Chinese scientists are em-
phasized. It should be pointed out that the global analysis
theory of climateis still under way, and many worksin the
area await further study. According to the current results

Initial guess value Differential
V, of optimal > equations >
stepsize +
Initial value

/Y

Integrating one step
forward, and obtaining
numerical solution I

Whether V'
satisfies certain

given accuracy?

Global error rule

\ 4
Setting initial guess value of |
next optimal stepsize V, =V, | Yes

replacing initial value
L\
Obtain optimal
numerical solution,
end.

Fig. 3. Theflow diagram of the step-by-step adjustment method of optimal numerical integration.
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and their potential practical value, we believe that with
further investigation the global analysis theory will play
more important roles in the research of climatology in the
future.
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